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Abstract:

Error analysis is an instructional strategy that can assist teachers to identify learners’ areas of weakness in
mathematics and that can point to remediation of those errors. This article explores the errors learners
exhibit when solving quadratic equations by completing the square using Newman’s Error Analysis
Model. A research study explored the errors learners exhibit when solving quadratic equations by
completing the square. Newman’s Error Analysis Model provided the analytic framework for the
gualitative approach that was used to explore those errors. A diagnostic test with five test items was
administered to 35 learners in one secondary school in Limpopo province of South Africa. Subsequently,
12 learners whose scripts featured common mistakes were identified; these learners participated in a semi-
structured interview to diagnose the errors. The findings revealed that learners commit comprehension,
transformation and process errors. The findings suggest that if the errors that learners make are exposed
and made explicit, the errors can be remediated and thereby enhance understanding and learning. The
findings of this study indicate that for teachers to understand the types of errors learners commit when
solving quadratic equations by completing the square it is vital for them (errors) to be addressed.
Mathematics teachers should also consider diagnosing why learners commit those errors, as they would
know the strategies to be employed to teach this topic and subsequent topics.

Keywords: error analysis; quadratic equations; comprehension errors; transformation errors; process
errors.

Introduction al. (2022) posit that learners can solve QEs by

using three identified methods: factorisation,

A quadratic equation (QE) is an algebraic completing the square (CS) and using the

equation of the second degree with one variable quadratic formula. In South Africa (SA),

(Harripersaud, 2021; Kabar, 2018). Tendere and quadratic equations are introduced to learners in

Mutambara (2020) note that a QE is an equation Grade 10, whereas learners start with quadratic
written in standard form as ax2 + bx + ¢ = 0 expressions_in Grade_9.

with a # 0, where a, b and ¢ are constants and x Quadratic equations are a branch of

is an unknown variable. Kabar (2018) and Hu et mathematics that cut across all spheres and that
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need to be taught and learned in secondary
schools (Cahyani & Rahaju, 2019). Quadratic
equations is a compulsory and important topic to
be learned in secondary school mathematics as it
bridges the gap between functions, polynomial
derivatives, and linear equations (Kim How et
al., 2022). Kim How et al. (2022) argue that
besides connecting with linear equations, QE is a
vital branch of mathematics that is applicable in
solving problems in engineering and structural
design, physics, as well as in real-life modelling
and word problems. According to Yeow et al.
(2019), QE seems to be an easy topic to learn
which involves basic skills that can be applied in
sports and architecture. At school level learners
are required to solve QE problems in
examinations and standardised tests and here it
is found that they have serious challenges
because they do not master the topic (Thomas &
Mahmud, 2021). Although QE is seen as an
easy, important and compulsory topic in
mathematics, it seems to be more difficult to
learn and master compared to other
mathematical topics (Glner, 2017). The
challenges learners face in mastering QE lead
them to commit errors and these errors need to
be known by both teachers and learners.
According to Sari and Jailani (2019), the
difficulties experienced by learners when
solving mathematical problems can be caused by
learners’ weaknesses of lack of knowledge and
understanding of the concept. This conceptual
misunderstanding causes learners to commit
errors when solving QE (Hu et al., 2022). As
such, Thomas and Mahmud (2021) note that it is
important for teachers to identify the difficulties
and errors in advance to address them as early as
possible to prevent learners from committing the
same or more errors in other related topics. It is
also advantageous for learners to be notified of
the errors they commit, in order to understand
the root cause of those errors. If errors are made
clear to learners, they can identify the
misconceptions they possess for teachers to
know the strategies that can be used to address
those misconceptions. Correcting the

misconceptions that learners possess may lead to
conceptual understanding of QE. This will then
eliminate the errors learners commit.

Finzer and Bennett (1995) describe errors as
learners’ incorrect answers in addressing the
problem at hand and caused by following
incorrect procedures to solve those problems in
mathematics. Kaufmann et al. (2022) view errors
as mistakes, slips or misunderstanding of
learners when solving mathematical problems.
Slips and errors are distinguished by Gardee and
Brodie (2021). It is found that errors mainly
occur at a deeper conceptual level than slips
(Kaufmann et al., 2022). Gardee and Brodie
(2015) add that errors are systematic and caused
by misconceptions, due to overgeneralisation of
prior knowledge. Learner errors in the
mathematics classroom can be the most natural
and inevitable of all the interactions (Rushton,
2018). They (errors) can either be seen as an
opportunity to learn or be a problem that can be
avoided in mathematics teaching (Ingram et al.,
2015). Gardee and Brodie (2021) postulate that
learners can learn better if their errors are
discussed during the lessons rather than being
corrected or avoided in the mathematics
classroom. It is important for teachers not to
avoid or ignore learner errors to enable them to
understand why they committed those errors
(Sari & Jailani, 2019). Gardee and Brodie (2015)
add that teachers need to identify and evaluate
learner errors, interpreting them from the
perspective of those learners. Errors can occur in
QE when learners use CS to determine the
values of unknown variables. Alhassan and
Agyei (2018) describe CS as a technique used to
solve QE by changing the form to make the left-
hand side take the perfect square form. To solve
the QE ax2 + bx + ¢ = 0 by CS, according to
Laridon et al. (2010), learners need to make the
coefficient of x> be 1, when a # 1; they need to
divide by the coefficient or multiply by the
multiplicative inverse of that constant number.
The learners need therefore to divide both sides
by that coefficient before they can find the

L b
additive inverse of % for example x2 + Fx = 2
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In addition, the learners should then add the
square of half the coefficient of x to both sides

and square it before factorising the equation:

2 2
X2+ 224 b—z =+ b—z. Then the learners can

a 4a a 4a
factorise the equation on the left-hand side and
simplify the right-hand side (Pretorius et al.,

2006). The factors on the left-hand side are (x +
%)(x + %) and the right-hand side would be

—4ac+ b?
4a?
regarded as difficult and is taught to high-
achieving learners who may sometimes abandon
it to apply factorisation or the quadratic formula
(Foster, 2022). Foster (2022) notes that learners
prefer to use factorisation and quadratic formula
than CS when solving QE. Mostly, learners use
CS to solve QE that are difficult to factor

(Alhassan & Agyei, 2018).

Completing the square method is

Problem statement

To the best of the researcher’s knowledge,
solving QE by CS with Grade 11 learners using
Newman’s Error Analysis Model (EAM) is
rarely investigated (Newman, 1977). Learners in
Grade 11 need to know this topic as it is
introduced in Grade 10; however, it has been
established that it is problematic for learners to
solve QE by CS. Even pre-service teachers have
found solving QEs by CS difficult (Alhassan &
Agyei, 2020). The Institute of Education Chief
examiners’ report for algebra and geometry
(2018) concurs that undergraduate students
pursuing a Bachelor of Education failed to
answer questions that expect them to use CS to
solve QEs in the form ax2 + bx + ¢ = 0.
Learners appear to exhibit errors that are
associated with content understanding and
misconceptions. However, mathematics teachers
in most schools, like the ones that participated in
this study, do not treat the errors that learners
make seriously; hence, such problems are
exacerbated from one grade to the next.
Informed discussions between the researcher and
some concerned teachers revealed the same
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challenges that Grade 11 learners face in solving
QE. Grade 11 learners’ poor performance when
solving mathematical problems brought to the
fore the importance of conducting this research
project. Subsequent discussions with the
teachers led to a decision to administer a
diagnostic test to help them identify the source
of their errors. The diagnostic test found that
what was challenging was for Grade 11 learners
to master solving QEs using either CS,
factorisation, or the quadratic formula. One
challenge learners face is solving QE by CS.
Makgakga (2016) investigated errors when
solving QE by CS with Grade 11 learners;
however, the author did not elaborate on how
those errors occurred using Newman’s EAM.
Using Newman’s EAM, this article intends to
exhibit the errors and the reasons why Grade 11
learners make those errors when solving QE by
CS. In addition, there is no study conducted in
Limpopo province analysing errors in QE using
this model. This article aims to explore the
errors learners exhibit when solving QE by CS
using Newman’s EAM and in so doing make
teachers and learners aware of those errors.

Research objectives and questions

This article sought to explore the errors
learners exhibited in relation to Newman’s EAM
when solving QE by CS in Grade 11
mathematics. Using Newman’s EAM as a lens,
the focus was on the comprehension error type,
transformation error type and processing error
type. This lens enabled the researcher to
understand how learners explain and solve QE
by CS, as well as their attributions of the sources
of those errors. Methods of inquiry included
semi-structured interviews and the outcomes of a
diagnostic test to identify and diagnose errors
learners exhibit in solving QE by CS, to make
teachers aware of the pattern of the errors
learners display to know the strategies teachers
can employ when teaching this topic. The
objectives of the article are to:

» ldentify the errors learners exhibited
when solving QE by CS using Newman’s EAM.
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» Diagnose the reasons why learners
exhibited those errors.

The research questions were, therefore:

(1) What types of errors, classified in terms
of Newman’s EAM, do Grade 11 learners
exhibit in solving QE by CS?

(2) Why do learners exhibit those errors
when solving QE by CS?

This article argues that Grade 11 learners
have challenges in solving QE by CS and many
exhibit errors that should have been addressed in
Grade 10. The learners were found to have
comprehension, transformation and processing
errors when solving QE by CS. This study
revealed learners’ lack of prior conceptual
knowledge that could have taken the form of
introduction to QE in Grades 10 and 11.

This article begins with a brief discussion of
the SA curriculum orientation towards QE,
errors in QE and the difficulties learners
experience in solving QE, as found in the
scholarly literature. Newman’s EAM is also
discussed as a framework underpinning this
study and explains the research methodology
espoused to collect and analyse data that answer
the research questions. Finally, strategies to be
used by teachers, curriculum developers,
mathematics specialists and textbook writers to
address the errors and their cause in solving QE
by CS are recommended.

South African curriculum orientation
towards quadratic equations

Quadratic equations in the SA curriculum
context is introduced in Grade 10 and both
Grade 10 and Grade 11 learners should start
solving the equations wusing factorisation
(Curriculum and Assessment Policy Statement
[CAPS], 2011). Quadratic equations differ from
linear equations in that the latter has only one
root, while QE can have two distinct solutions,
one solution or no solution (Version 1 CAPS
Grade 10 Mathematics). Two methods in solving
QE in Grade 11 are completing the square and
applying the quadratic formula. Solving QE by

CS provides a way to derive a quadratic formula
that can be used to solve QE.

Literature review

Studies have demonstrated that most learners
struggle with QE (Kim How et al., 2022;
Makgakga, 2016; Tendere & Mutambara, 2020).
Tendere and Mutambara (2020) point out that
most learners appear to experience difficulties in
solving QE by both factoring and using
guadratic formula methods. The difficulties in
solving QE can be caused by teacher-centred
strategies’ emphasis on memorisation of
procedures or steps. Kim How et al. (2022)
identify challenges in solving QE as a lack of
teaching strategies, teaching aids, learners’
acceptance of concepts and procedures, and their
thinking capabilities. One of the challenges
learners faces in solving QE may be due to the
high rate of misconceptions that lead to errors.

Makgakga (2016) found that Grade 11
learners committed conceptual and procedural
errors when solving QE by CS. A study by
Tendere and Mutambara (2020) adds that
learners exhibit conceptual, procedural and
technical errors when solving QE. The scholars
argue that a conceptual error can be a
misunderstanding of facts and concepts and
result in failure to understand the relationship of
concepts involved. Procedural errors can occur
when learners follow incorrect procedures to
solve mathematical problems. Learners need to
have good background knowledge of
mathematics to apply rules, methods and
procedures to solve problems (Makgakga, 2016).
Technical errors can be caused by the
misapplication of learned procedures which can
be the result of carelessness, a slip or silly
mistakes (Tendere & Mutambara, 2020).
Thomas and Mahmud (2021) add that errors in
QE can be caused by a lack of understanding of
basic concepts and learners’ learning styles.

Some types of errors identified are cognitive,
as revealed in Diaz et al.’s (2020) study with
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high school learners in Les Lagos in Chile. The
study found that errors in solving QE problems
could be due to predominating procedural
difficulties. Agustyaningrum et al. (2018) note
that these types of errors are manifested by both
theoretical and conceptual content. To address
these errors, teachers need to implement an
intervention for learners to learn subsequent
concepts (Diaz et al., 2020). In addition, Thomas
and Mahmud (2021) used a diagnostic test with
30 Form 4 learners to diagnose errors they
commit when solving QE. Their study revealed
that learners showed comprehensive and
transformation errors; few of them committed
encoding errors and no reader error was found.
Errors in QE committed by learners were
also investigated by Abubaker (2017). The study
revealed that the majority of learners display
multiplicative errors, additive errors, incorrect
choices of coefficients and wrong treatment of
fractions errors when solving QE. Other errors
revealed were choosing the coefficient of the
second degree of the variable while the
coefficient of the first degree is a fraction.
However, a general deficit was found in
empirical evidence explaining errors using
Newman’s EAM when solving QE by CS,
especially in SA. Errors exhibited by learners
when solving QE can recur and as a result affect
learners’ learning of subsequent concepts (Sari
& Jailani, 2019). Learner errors need to be
identified to avoid their recurrence in subsequent
concepts and grades. In the context of this study,
errors need to be identified and diagnosed and
Grade 11 learners need to be aware of the errors
to avoid committing them in the final-year
examination and subsequently in higher
education algebra and related concepts.

Theoretical lens

Newman’s (1977) EAM was used to
underpin this study. The EAM is a model
teachers use to identify and categorise learner
errors in mathematics. Newman notes that
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learners experience consecutive hurdles when
solving mathematical problems which lead them
to commit errors (Chusnul et al., 2017).
Therefore, this model in this study is used to
identify and diagnose the types of errors learners
commit in solving QE. Newman has identified
five types of errors learners display in solving
mathematical problems; those are: reading,
comprehensive, transformative, processing and
encoding errors.

The EAM has gained popularity in
mathematics education on error analysis and has
proven to be reliable in classifying and
categorising learners’ errors. The approach is
also used by Clarkson (1991), Santoso et al.
(2017), Sumule et al. (2018), Singh et al. (2010),
and Mahmud et al. (2020) in their research work.
Clarkson shows that a higher frequency of
learners exhibited comprehension errors while
Sumule et al. reveal that most learners exhibit
both transformation and comprehension errors.
Mahmud et al. in their 2020 study reveal
processing errors when solving mathematical
problems which could lead to transformation
errors. According to Kenys and Firda (2018),
error analysis needs to be done to identify the
stage at which errors occur when learners solve
mathematical problems. Learners need to know
how to overcome five successive diagnostic
errors to solve mathematical problems
(Newman, 1977).

As earlier noted, successive diagnostic errors
identified by Newman when  solving
mathematical problems are reading,
comprehensive, transformative, processing and
encoding. These errors are outlined as follows:

* The reading stage examines learners’ ability
or inability to read the statements to identify the
key elements or main points relevant to the
question to prepare for the next stage.

* The second error type is the comprehensive
stage that determines the learners’ inability or
ability to comprehend the mathematical
statements, break the problem into smaller
chunks and make sense of it.
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» The third error type is the transformation
stage which determines the ability or inability to
choose mathematical operations or methods, and
correct or incorrect procedures to solve
mathematical problems.

* The fourth error type is the processing stage
in which learners execute mathematical
procedures correctly or incorrectly.

* Lastly, the encoding error type is where the
learner can write the correct or incorrect answer
but cannot justify the answer or provide the
conclusion of the given answer.

Error analysis is important for teachers and
researchers as it helps them to choose the

appropriate approaches, strategies, instructional
media and models to alleviate learners’ errors in
mathematics (Fitriani et al., 2018). This study
has used this model to determine learners’
ability or inability to solve QE by CS. This study
has adapted the model to include comprehension
error, transformation error and processing error
as the researcher needed to understand how
learners, firstly, understand the role of each term
in the equation and, secondly, change the
original equation into the new equation in
preparation for the third phase of processing that
equation.

TABLE 1: The structure of the design of the test instrument

Items Motivation for question

1. Describe a quadratic

To understand how learners describe a quadratic
equation. equation.

2. Describe the methods of To understand how learners describe the completing

the completing the
square method.

the sguare method when solving quadratic equations.

3. Give five procedures for  Learners are asked to give the five features of the

completing the square

completing the square method for them to be able to

method. solve quadratic equations using this method.

4, x?-2x—-1=0

Learners were assessed on the QE with the coefficient

of x* equal to 1 and constant term as —1.

5. 2xX—2x—9=0

Learners were assessed on the QE with the coefficient

of x* greater than 1 and constant term as —-9.

6. 3 +2x+2=0

Learners were assessed on the QE with the coefficient

of x* less than 0 and constant term as +2.

7. 22+ 3ax=4b

Learners were assessed on the QE with the coefficient

of x less than 1, coefficient of x with variable @ and
constant term as 4 with variable b.

Learners were required to derive the formula using

the QE given by completing the square.

Research methods and design

Study design

This qualitative exploratory case study
design explored the errors learners exhibited in
solving QE by CS and the reasons why those
learners exhibit those errors applying the EAM.
An exploratory case study is a way to understand
what is happening, ask questions, seek new
insights and assess a phenomenon in a new light

(Yin, 1994). Swaraj (2019) posits that
exploratory case study provides an in-depth
analysis of a topic, formulating problems that are
more precise and gaining insights of a
phenomenon. This study has used Newman’s
EAM to view the data collected within it to
make sense of them.

A diagnostic test was administered to 35
Grade 11 learners (19 female and 16 male) in
one of the rural secondary schools in the
Limpopo province of SA. Eight QE problems
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adapted from previous Grade 11 examination
papers (Table 1) were distributed to all sampled
learners and the test took 50 minutes to
complete. To validate the test instrument, the
researcher requested two mathematics education
lecturers and two mathematics teachers who had
taught mathematics for more than 10 years to
moderate it.

All  learners’ scripts were gathered
immediately after they were completed and
marked on the same day. A day after marking
the test scripts, the researcher conducted semi-
structured interviews of 15 minutes with four
male and six female learners, purposively
selected according to the types of errors
committed in their assessment scripts to
understand why they committed those errors. At
the time of data collection, learners had learned
QE by factorisation, CS, and using the quadratic
formula according to the departmental
curriculum guidelines, termed a pace setter. The
researcher used the EAM during the interviews
to determine the errors learners made when
solving QE by CS. The collected data were
analysed and interpreted by classifying and
identifying error types according to Newman’s

(1977) error analysis: comprehension error,
transformation error, reading error, processing
error and encoding error.

The researcher sought permission from a
Grade 11 mathematics teacher and learners to
participate in this study. The principal and head
of department of mathematics and science in the
school were informed about the research. The
role and participation of learners was explained
prior the inception of the study. Privacy and
confidentiality of the learners was protected
before and after the study. Consent forms were
signed by the learners who were under 18 years
of age at the time of the study to confirm their
participation.

Methodological approach

This section describes how Newman’s EAM
is used to analyse the data sets collected for this
study. The main concepts of the framework are
defined and the performance indicator is
described. The main concepts  are
comprehension error, reading error,
transformation error, processing error, and
encoding error.

TABLE 2: Methodological approach.

Concept Definition

Performance indicator

1. Comprehension
error type

Determines learners” ability or inability
to understand QE.

2. Transformation
error type

Learners’ ability or inability to choose
mathematical methods or operations,
correct or incorrect procedures to
solve QE: ax’+ bx+¢ =0

Learners need to define a quadratic equation and describe the completing the square method as a technique to
transform QE to make the left-hand side a perfect square trinomial and to give the features of this method.

Learners can transform the equation by first finding the additive inverse of c. Then divide both sides by the

coefficient of x* which is @ that becomes its multiplicative inverse as — to make its coefficient 1. Then make the
a

. b ¢ S U 2
new coefficient of x be — and the constant ¢ be — —after finding its additive inverse from ax? + bx + ¢ = 0 and
a

a

) b c ’ .
the new equation be x? + —x = —— to start with the execution of the problem.
a a

Learners execute mathematical
procedures correctly or incorrectly

3. Processing
error type

Learners solve the problem using procedures that are correct or incorrect to get the answer. Learners need to
complete the square by adding the square of half the coefficient of x in the transformed equation,

to solve QE.
X2 +£x 5= which will be x% + E+ b; __£ ns i Then factorise the left-hand side,
a a 4 44’ a 447
[x + %]{x+ %} :ﬂ, If correct procedures are followed, then the answer is x = — bibzﬂ
a a 4“2 a
comprehension error, and encoding error. Five
Results question items were used to analyse the errors

The analysis of the findings applying
Newman’s (1977) EAM includes a reading
error, transformation error, processing error,
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exhibited by the learners when solving QE by
CS. The findings revealed no reading errors as
questions in the test instrument used only
mathematical symbols and no word problems.
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Table 3 depicts the total number of errors
according to test items, analysed with the EAM.
Learners who participated in this study were
coded as L1F, L2F, L3M and this means that
learner 1 is female (L1F), learner 2 is female
(L2F) and learner 3 is male (L3M), and question
items are coded as QI1, QI2, QI3 and so on. The
analysis in Table 3 used absolute numbers and
percentages of the EAM error types.

Table 3 depicts no reading errors in all
guestion items as questions in the assessment
were not word problems, but mathematical

symbols. The findings revealed compression
errors, transformation errors, processing errors
and few of the learners displayed encoding
errors. Comprehension errors were found in QI1,
QI2 and QI3 and during the interview stage of this
study. Transformation and processing errors were
identified in the learners’ test scripts in QI4—QI8.
Not many learners committed encoding errors and
the analysis of the findings are based on
comprehension, transformation and processing
errors.

Item Reading Comprehension Transformation Processing skills Encoding Total
n % n % n % n Yo n %

an 0 9 25.7 0 0 0 15 429
Ql2 0 25 71.4 0 0 0 25 71.4
Qi3 0 23 65.7 0 = 0 = 0 = 23 65.7
Q4 0 0 17 48.6 13 371 3 8.6 22 62.9
Qls 0 0 19 54.3 14 40.0 1 2.9 26 74.3
Qle 0 0 18 51.4 13 371 4 11.4 25 714
Q7 0 0 16 45.7 15 429 2 5.7 28 80.0
Qi 0 0 15 42.9 17 48.6 3 8.6 45 25.7

TABLE 3: Total number of errors according to test items and Newman’s Error Analysis Model.

How learners describe quadratic equations
and the completing the square method

Few learners described a QE as an equation
that can be solved by factorisation, completing the
square or using the quadratic formula. Abubaker
(2017) states that a QE is an equation of the
second degree with one variable, while Tendere
and Mutambara (2020) describe a QE as an
equation written in standard form as ax* + bx + ¢
= 0 where a, b and c are constants and x is an
unknown variable. The learners described QE
using the methods, namely factoring, using the
quadratic formula and CS to solve QE. This led to
learners not knowing how to describe these
identified methods. The samples in Figure 1 show
how learners (L2F, L3M, & L5F) described QE in
QlIl.

Learners were not able to describe or define a
guadratic equation in terms of concepts or
mathematical ideas — they resorted to giving
methods of solving the equation. This lack of
conceptual  understanding  underlies  some

difficulties the learners experience in solving QE
using either one of the methods. This QE topic
cuts across all spheres and should be taught at
secondary schools (Cahyani & Rahaju, 2019; Kim
How et al., 2022; Tendere & Mutambara, 2020).
Quadratic equations is an important topic that can
be applied in solving problems in engineering and
structural design, physics, as well as real-life
modelling and word problems (Kim How et al.,
2022).

However, most of the learners showed no
comprehension in describing a QE for QI2 and
QI3. Lack of comprehension is visible when a
learner cannot describe what CS is when solving
QE and know the five features of CS for them to
solve QE using this method. Alhassan and Agyei
(2018) describe CS as a technique used to solve
QE by changing the form of the equation to make
the left-hand side take a perfect square form.
Clarkson (1991) shows that learners who are
found to be in the comprehension stage need to
demonstrate their ability to understand the
concept. Most of the learners gave a limited
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explanation of solving QE by CS. They described
CS as adding the square of half the coefficient of x
when solving QE.

This evidence (Figure 2) supports the premise
that learners describe CS as adding half the
coefficient of x when solving QE. Learners
lacking comprehension in describing CS can lead
them to commit transformation and processing
errors when solving QE. This support Foster
(2022) that solving QE by CS can be difficult, and
they may prefer to use factoring and quadratic
formula as they are seen to be easy methods to use
when solving QE. It is essential for learners to
know how to describe what CS is in solving QE.

In addition to being unable to describe CS
when solving QE, the majority of the learners
could not mention the five features of CS (Laridon
et al.,, 2010). They could only mention two
features: finding the additive inverse of the

constant term, x2+§x = —% , and adding the

square of half the coefficient of x on the left-hand

ight- i 2 bx b _ _c . b?
and right-hand sides, x“ + —t.== -t

The learners could not mention the three features:

FIGURE 1: Learners’ samples in describing
quadratic equations: (a) L2F (b) L5F, and (c)
L3M.
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dividing by the coefficient of x? if a # 0, thus
x? + Sx + 2 = 0, factoring the left-hand side as

the square of the trinomials, (x + %) (x + %) =

—4ac+b?
4q2

, and taking the square of both sides,

b+Vb2—4ac
x=— —Tac . In other words, learners lacked

the understanding of steps to solve QE by CS
which led them to commit errors when solving the
equations. Makgakga (2016) suggests that these
features can provide the background knowledge of
solving QE by CS, for learners to apply the correct
procedures, methods and rules to find the
solutions. Furthermore, if learners do

not understand facts and concepts, they fail to
make sense of the concepts and tend to use
incorrect procedures to solve QE problems
(Tendere & Mutambara, 2020). This challenge is
manifested by conceptual and theoretical content
(Agustyaningrum et al., 2018). In addressing this
issue, teachers need to be aware of this lack of
theoretical and conceptual content when solving
QE using CS to suggest possible ways of
addressing those challenges.

FIGURE 2: Learners’ samples in describing the
completing the square method: (a) L1M (b) L6F,
and (c) L11M
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How learners transform quadratic equations
using the completing the square method

Transformation errors were also revealed in the
learners’ scripts as they appeared not to know the
mathematical operations, correct procedures, or
methods in solving mathematical problems
(Newman, 1977). This error type shows that
learners could not interpret the terms of QE in
order to solve them by CS. Table 2 depicts a high
percentage of the transformation error type in Ql4
and QI5 with 48.6% and 57.1%. Examples of
transformation errors are shown in Figure 3.

Learners revealed transformation errors as they
could not correctly interpret the three terms in the
equation; they followed the incorrect procedures
to change the equation. Predominant procedural
challenges can lead learners to commit errors

when solving mathematical problems (Diaz et al.,
2020). The learners showed that they had shallow
understanding of the question items where they
should complete the square by adding the square
of half the coefficient of x in the equation. This is
one of the features that learners need to pay
attention to when they solve QE by CS which
leads them to commit transformation errors. This
showed that this concept is difficult to learn and
master (Guner, 2017) compared to factoring and
using the quadratic formula when solving QE.
However, learners could not realise that the
coefficient of x? should be equal to 1 before they
could add the square of half the coefficient of x.
This can be caused by misapplication of learned
procedures.

FIGURE 3: Examples of transformation error type: (a) L8M and (b) L9F.

(Tendere & Mutambara, 2020), when changing
the equation to use CS to solve QE. Two learners
had challenges in the transformation stage as they
chose incorrect procedures to approach the
question item, in which the coefficient of x needs
to be realised as 1 after multiplying the whole
equation by the multiplicative inverse of 2, the

coefficient of x°, which is % This concurs with

Abubaker’s (2017) study where the majority of
learners displayed multiplicative errors when
solving QE.

In the interview sessions learners who were
selected to explain how they answered the QE
questions showed difficulties when solving QE by
CS. They seem to have misunderstood the topic as
they could not justify the procedures used to solve

QE problems and three of them (1 male and 2
female) indicated that the strategies used to teach
this topic were not easy to understand. Table 4 is
the interview conducted with L8M and L9F
whose scripts were used in Figure 3 and who
displayed transformation error type. The
interviews intended to understand how learners
answered the questions.

The two excerpts (Table 4 and Table 5) depict
that learners do not know the features of CS to
transform the original equation into a new
equation and this led to transformation errors.
Lacking the knowledge of transformation in
solving QE using CS can be affected by the
learners knowing these two features: finding the
additive inverse of the constant term and adding
half the coefficient of x. This concurs with
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Foster’s (2020) study that the majority of
learners find using CS to solve QE difficult and
prefer to use factoring and the quadratic formula.
Some learners like L9F could not apply the
addition of the square of half the coefficient of x
when solving QE by CS, as they apply this step

on the left-hand side only instead of applying
both on the left- and right-hand sides. Learners
need to have good background knowledge to
apply methods, rules and procedures to
mathematical problems (Makgakga 2016).

TABLE 4: L8M response on Q14 (Excerpt 1).

Speaker Dialogue
Interviewer  ‘Okay, can you explain how did you arrive in step 2?’ [points to the step]
L8M [Nods] ‘Since | had to complete a square, | had to add
half the coefficient of x both sides [points at step 2,
) LY 1Y
2x° —2_r+[2><5] =0+ [2 X E} ] of the equation.’
Interviewer  [Wants to see if he can realise that the coefficient of x* is greater
than 1] “What can you say about the coefficient of x* in the equation?’
LEM [Unsure, scratches his head] ‘Hmm, | can say 2 can be used to
factorise the equation.’
%
Interviewer  ‘Then what is [2 XE] ?" [points to it in the script]
L&M “Yah, | see now [scratches his head], | made a mistake here as | should
have multiplied 2 by % to get 1 and multiple 1 by 1 to get 1.
Interviewer  ‘Okay, but why didn’t you solve the equation?’
L&M ‘This is difficult for me. The teacher was also moving in a fast pace
when teaching this topic.
Interviewer  ‘Is there anything you would like [to] share before we finish with our
interview?’
LEM “Yes, maybe the teacher to give us extra lesson and not to be fast in

teaching the topic.

Another reason why learners display
transformation errors is that of multiplying both
sides by the multiplicative inverse of 2, which is
the coefficient of x2, a # 1. Multiplying by the
multiplicative inverse of x2 where a # 1 and
finding the additive inverse of the constant term
are the first two essential features that can assist
learners to change the original equation to a new
equation to complete a square. Here, the new
equation was supposed to be
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%(sz —2x) = %(9) —>x?—x= —g after
applying the first and second features of CS
when solving QE. This supports what Abubaker
(2017) found, that the majority of learners
commit additive errors, multiplicative errors and
incorrect choices of the coefficients of the
equations. Lack of attention to underlying
mathematical concepts, namely an equation, is
another reason found that learners commit
transformation errors when solving QE by CS.
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The learner showed little understanding of
what has to be done to solve QI2 by CS. The
transformation error type is identified as L9F did
not know that the coefficient of x* needs to be
equal to 1 before adding the square of half the
coefficient of x to change the equation to

2 1\? _ 1)2 s
x —x+(1><5) _9+(1><5) L9F’s
transformation error was that the learner could

not correctly transform the equation into as
x2—x+(1x§)2=9+(1x§)2

she used incorrect procedures  or
mathematical operations or methods to
transform it. The interview shows that teaching
approaches used to teach QE by CS is a

challenge as teachers are rushed to finish the
scope of the syllabus.

‘Yah Sir, e nyaka re complete square [it needs us to complete a square]

‘Okay, what do you mean by completing a square?’

‘We have to add half the square of the coefficient of x which will give

‘Yah [nods], is that all in completing a square?’ [wants to check if she
would realise that half the square of the coefficient of x needs to be

‘Then, let’s look at the equation [referring to 2x* —2x — 9 = (], what
can you say about 2 the coefficient of x? in the equation? Does it have

‘Okay [nods], 2 is used when finding factors of the equation.”

‘Eish, | made a mistake in my script, did not realise it when solving the

equation. The answer is 1 because 2 x % =1 and 1 multiply by 1is 1.

[Points in the script] “Why did you say the answer is 2 here?’

[Scratches her head] ‘Eish | multiplied 2 by 2 and then by l and got

2
the answer 2. This is a mistake | made Sir during the test.

‘Good, then why didn’t you finish solving the equation?’

Speaker Dialogue
Interviewer: ‘Good, how do you understand this question?’
L9F

to find the values of x.
Interviewer
L9F

b ] 2

us 2x~ —2x+[2x E]_= 9’
Interviewer

added on both sides].
L9F ‘Yes, we are done and we can solve the equation.’
Interviewer

any meaning?’
L9F

. . - s i 4 1 21

Interviewer  [Points to it in the script] “‘What is [2 X E] ?
L9F
Interviewer
L9F
Interviewer
L9F

‘Eish, completing a square is challenging, | did not know what to do
further. Even the way we are taught, it’s a problem as | did not
understand it in Grade 10. The teacher was fast to cover the scope of
the syllabus.’

TABLE 5: L9F response on Ql4 (Excerpt 2).
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FIGURE 4: Examples of processing error type (QI8): (a) L19F and (b) L26M.

Speaker Dialogue

Interviewer  ‘Okay, what does this need you to do?'

L19F ‘This question wanted us to complete a square, but my challenge is

that the equation has no numbers [points at a, b, and ¢ in the
eguation), but alphabets which confused me. | only know that | must
make the coefficient of x* be 1.

Interviewer  ‘Great, then why did you have E as your coefficient of x?* [points to it
in the bracket] 2
L19F ‘Eish [scratches her head], we multiply it b-,r% [referring to, the
coefficient of x], and l X his ﬂ and ﬂ squared is ﬁ.'
2 2 2
Interviewer  ‘Okay, then what about this % [points to it in the bracket]?
L19F ‘Okay Sir, as b is the coefficient of x, it should be divided by 2 and

multiply it by % because of the square.

Interviewer  ‘Good thank you, then is that all with this [points to [% * %}1]?‘

b .
L19F "Yes Sir, we can remove the brackets and my answer is— _Ei —i.’
o

Interviewer ‘Do you want to say anything before we finish with our interview

session?’

L15F “Yes Sir, the teacher needs not to be fast when teaching this topic as it

is challenging.

TABLE 6: Interview with L19F (Excerpt 3).

How learners execute quadratic equations
using the completing the square method

The other error type found in this study is,
according to the EAM framework, a processing
error. The processing error type is when learners
follow incorrect procedures or mathematical
operations or methods to execute the problem
(Newman, 1977). Although all question items
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recorded processing errors when solving QE
problems, a higher percentage of errors was
found in QI4 and QI5 where learners could not
correctly solve QE problems. Learners at this
stage multiplied by 1/2 only on the left-hand side
instead of multiplying both sides by 1/2. In the
case of QE with the coefficient of x* greater than
or less than 1, errors occurred when learners
could not make the coefficient of x* equal to 1
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which led them to use incorrect procedures to

solve the equations.

Speaker Dialogue

Interviewer  ‘Okay, how can you solve this equation [referring to the equation,

ac+bx+c=0]

L26M ‘Hmm [looks at the equation], | have to complete a square to solve
this equation, by adding half the square of the coefficient of x.'

Interviewer  ‘Alright then, [pointing at (b x l}’], is that how you complete a

square?’

2

L26M “Yes, but | must find the additive inverse of ¢ as =¢ first before adding
half the square of the coefficient of x.

Interviewer  ‘Okay, what can you say about the coefficient of x%, a?’

L26M ‘It is just that this topic is difficult for me [to] deal with as compared
to factoring and quadratic formula, but the coefficient of x* was used

. b b
as a common factor [referring to a| x + 5 x+ S |= —¢] for me to

get rid of @ which does not make sense to me mathematically.

Interviewer  “Why do you say the topic is difficult?’

L26M ‘Most of us cannot solve quadratic equations by completing a square.
The teacher moved in a fast pace when teaching this topic. It really

frustrates us.’

Interviewer  ‘Is there anything you can share before we finish with our interview
session?’
L26M ‘I think the teacher can move in a slower pace when teaching this

topic and other mathematical topics.

TABLE 7: Interview with L19F (Excerpt 4).

L19F and L26M in their scripts (Figure 4)
revealed a lack of comprehension of the
equations which led them to commit
transformation errors; hence, they could not
correctly complete the square on both sides and
then solve the problem. L19F used an incorrect

coefficient of x as g instead of g, while L26M

completed the square without making the
coefficient of x* equal 1. Although L19F and
L26M followed the wrong procedures to solve
the equation, there is consistency in procedures
used in the process to arrive at the answer.
Tables 6 and 7 looked for the reasons why
learners answered QI8 using their respective
procedures. The two tables with excerpts
revealed learners experiencing difficulties in
solving QI8 using the equation ax® + bx + ¢ =0

bi\/l;za—llac by CS.
The only reason why they grappled with the

execution of this equation by CS is that they did
not know the first feature, multiplying by the

to derive the formula x = —

multiplicative inverse of the coefficient of x2,
which is a where a # 1, and the second feature of
adding the square of half the coefficient of x,
which led them to commit processing errors. The
cause of processing error here could be that
learners could not solve this QI8 by changing the
form of the equation to make the left-hand side
take a perfect square form (Alhassan & Agyei,
2018) and lacked the relevant knowledge,
learning styles or experience related to the
concept (Thomas & Mahmud, 2021). The
learners also gave the reason that the topic is
difficult to deal with as compared to factoring
and using the gquadratic formula. These findings
concur with the Foster (2022) study that solving
QE by CS is found to be difficult for learners,
even to high-achieving learners who also prefer
to use factoring and the quadratic formula to
solve QE. These tables with excerpts also reveal
that the teacher’s approaches contribute to the
errors committed by learners when solving QE
by CS. This is also found by Kim How et al.
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(2022) that learners’ errors when solving QE can
be used in teachers’ strategies, which need to be
given attention to address errors that learners
commit. Learners need to have a good
background  knowledge of  mathematical
concepts to apply methods, rules and procedures
to solve problems (Makgakga, 2016).

Discussion

This study intended to explore the errors
learners exhibit when solving QE by CS. This
study revealed a higher rate of comprehension,
transformation, and processing skills. No
reading error was identified, and a low rate of
encoding error was found. Tendere and
Mutambara (2020) and Kim How et al. (2022)
concur that learners experience challenges in
solving QE. In comprehension errors, learners
grappled with the description of QE and CS. In
addition, most of the learners could not mention
and interpret the five essential features of CS
when solving QE, especially with equations with
a coefficient of x2 not equal to 1 (a # 1). For
example, multiplication mistakes were revealed
as most learners could not multiply by the
multiplicative inverse of the coefficients of x* in
QI5-QI8 to prepare for the transformation stage.
This comprehension error type could be the
result of the misapplication of the learned
procedures caused by carelessness, slips or silly
mistakes committed by learners (Tendere &
Mutambara, 2020). Makgakga (2016) notes that
learners need to have a good background to
apply rules, methods and procedures to solve
problems. The underlying concepts have to be
taught first, for example additive inverse,
multiplicative inverse, linear equation,
factorisation of QE expressions and solving QE
by squaring both sides. In the transformation
error type, learners grappled with QE problems
when completing the square on both sides, as
most of them completed the square on one side;
as such, the coefficient of x*> was not made 1.
Similar findings are found by Mahmud et al.
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(2020) where learners committed transformation
and processing errors and few learners had
encoding errors. Most of the learners struggled
to transform the equations, for example from 2x

- 2Xx -9 =0 toxz—x+(1><%)2=9+

2
(1 x%) , to prepare for the processing stage.

Abubaker (2017) concurs that the majority of
learners displayed multiplicative errors, wrong
treatment of fractional errors, additive errors,
and incorrect choices of coefficients when
solving QE. Abubaker further notes learners’
errors exhibited when choosing the coefficient of
the second degree of the variable, when the
coefficient of the first degree is a fraction. The
other error type was found at the processing
stage where learners were expected to use
procedures to determine the values of x of the
QE. Processing errors can occur because of the
misapplication of methods, rules, and procedures
to solve problems, and predetermined procedural
difficulties (Diaz et al., 2020). Most of the
learners  experienced  difficulties  when
multiplying terms in the brackets, for example

1 2
2x2—2x+(1x5) =9 2x2—-2x4+2=9
, Which showed that the learner had multiplied 2
x 2 = 4 and then multiplied 4 by % to get the

answer 2. Makgakga (2016) reveals Grade 11
learners’ conceptual errors and procedural errors
when solving QE by CS. This showed that these
errors can recur in Grade 11; however, learners
at this stage are not expected to exhibit these
types of errors when solving QE by using one of
the QE methods: factorisation, CS and using the
quadratic formula. Sari and Jailani (2019)
concur that these types of errors learners make
when solving QE can recur and affect the
learning of subsequent concepts. No reading
error was identified, and this is supported by
Thomas and Mahmud’s (2021) study where no
reading error was identified when learners solve
QE problems. This is because the QE question
items were not word problems which did not
require a lot of reading. Few learners displayed
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encoded errors and as such learners could not get
the solutions to the equations.

Conclusion

This study explored the errors learners
exhibit when solving QE by CS using
Newman’s EAM. It argues that Grade 11
mathematics learners need to have a good
background in QE by factorisation, CS and using
the quadratic formula to avoid making errors
when solving QE problems. The study revealed
that learners committed comprehension errors,
transformation errors and processing errors
when solving QE by CS.

Firstly, the comprehension error type showed
learners grappling to describe QE and CS. The
study revealed learners misinterpreting and not
mentioning the five key features of CS,
especially with equations where the coefficient
of x is not equal to 1 (a # 1). Most of the learners
could not multiply by the square of half the
coefficient of x. This challenge could be
attributed to the procedural steps learned during
the teaching of solving QE by CS, which
contributed to learners who viewed QE with a
coefficient of x* equal to 1 (a # 1) and other ones
not equal to 1 (a # 1) in the same way.
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